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MeTO^ pa3pemaioii],Hx 4)yHKLi,HH ^jia pemeHna 
sa^aHH npecjie^OBaHHa npn HHTerpajibHbix 
orpaHHHeHHax na ynpaBjienna 

B.T.CaMaTOB 

B HacToameli pa6oTe ochobhoc BHHMaHHe y^ejiHexcH Hccjie^oBaHHio sa^ann npecjie^o- 
BaHHs B jiHHeflHBix flH(|)(|)epeHij,HajiBHt.ix Hrpax c HHTerpajitHtiMH orpaHHHeHHJiMH. HpH 
HccjieflOBaHHH 3TOH sa^aiH npH^epjKHBaeMca na MeTo^e paapemaiomHx (JjyHKi^Hfl. Hpe^- 
jiojKena nnaa KOHcxpyKi^HH nocxpoeHHa paspemaiomeH (|)yHKii;HH, oGocHOBbiBaiomaa npa- 
BHjio napajiJiejiBHoro c6jiH>KeHH3 nrpoKOB, T.e. H-cTpaTerHio ^jih npecjie^oBaxejia. JJ,jis 
paccMaxpHBaeMoro cjiynaa nojiyneHBi HOBbie ;];ocTaTOHHL.ie ycjioBHH JI.C.rioHTparHHa k 
paapeniHMocTH sa^^ann npecjie^oBaHHa. B KanecTBe npHMepoB npHBo^HxcH ;i,Ba Kjiacca 
Hrp, KayKflf^m h3 Koxopbix Moacex npeflcxaBHTb onpeflejieHHbiii HHxepec. nepBbiii - sxo 
KOHxpojibHbiH npHMep Jl. CHoHxpsirHHa, Bxopofi - 3a;i,aHa npocxoro npecjie^oBaHHH npn 
'7-noHMKH"y6eraioiri;ero. B sxhx npefljiaraeMbix npHMepax paspemaiomHe 4)yHKii;HH nr- 
paiox KjiioHeByio pojib b pemeHHH sa^ann. 

1. BBefleHHe 

riycxB B KOHeHHOMepHOM eBKjiH^oBOM npocxpaHcxBc flBHJKeHHe o6x.eKxa Z OnHCBI- 
BaexcH jiHHeflHBiM flH(|)(|)epeHii;HajiBHL.iM ypaBHenneM 

z = Az + Bu- Cv, (1) 

r^e z G -R", u G R"^, v G R^; n > 1, m > 1, k > 1; A, B, C - nocxoHHHBie npHMO- 
yrojiBHbie MaxpHn;L.i nopa^xa nxn, n x m r n x k cooxBexcxBCHHo; u - ynpaBjiaiomnii 
napaMexp npecjie^oBaHHH; v - ynpaBjiaiomHH napanexp y6eraHHH. HapaMexpti -u h f bbi- 
6Hpaioxc5i B BH^e H3MepHMi>ix (|)yHKu,HH u = u{-) V = v{-) ii3 Kjiacca Lp[0, oo), p > 1 H 
y^oBjiexBopaiox orpaHHMeHHaM 

oo 

J \u{T)\Pdr<ff, p>0, (2) 



oo 

j \viT)\PdT <aP, a> 0. (3) 



TaKHe ynpaBjieHHH b ^^ajiBHettmeM Gy^eM nasbiBaxb ^onycxHMbiMH. 

TepMHHajiBHoe MHOJKecxBo M = M° + , r^e M° - jiHHeliHoe no^npocxpaHcxBO 
H3 R"', a - BbinyKjioe saMKHyxoe MHOJKecxBO h3 opxoroHajibHoro ^onojiHeHHH L k 
no^npocxpaHCXBy M° b R^. 

Onpe^ejieHHe 1. B nrpe (l)-(3) h3 HanajibHoro nojiojKeHHsi zq G i?" bosmojkho aa- 
BepmeHHe npecjieflOBaHHsi aa Bpena T = T{zo), ecjiH no jiio6oii flonycxHMoli 4)yHKn;HH 



V — v{t), < t < T, MoacHO nocTpoHTb flonycTHMyio 4)yHKii,Hio u{t, zo,Vt{-)), r^e 
Vt{-) — {v{t), < r < t}, < t < T, mo aScojiioTHoe HenpeptiBHoe penieHne z{t) 
sajiaHn KoniH z = Az + Bu(t, zo,vt{-)) — Cv(t), z{0) = zo, Tionap^aeT na TepMHHajitHoe 
MHoacecTBo M sa Bpena, ne npeBocxoflamee ^Hcjia T = T{zo), T.e. z{t*) e M npn hckoto- 
poM t* e [0, T]. Hhcjio T{zo) HasBiBaeTCfl sapanmupoeaHHUM epeMeneM npecjiedoeanun. 

HaxojKfleHHe HaHajitHbix nojioJKeHHii (HaHajiBHtie coctoahha nrpoKOB, napaivieTpbi 
npon;ecca h t.^.), hs KOTopbix bosmojkho saBepmeHne npecjieflOBaHHs 3a KoneHHoe Bpe- 
MH, cocTaBjiaeT sa^^any npecjie;];oBaHHH. Sa^ane npecjie;];oBaHHH jiJi^i pasjiHHHBix KjiaccoB 
Hrp nocBameHo MHoro pa6oT h b saBHCHMocTH ot Bbi6opa cxpaTerHii b tom hjih hhom 
Kjiacce 6bijiH npefljioaceHbi psfl (J^ynflaMeHTajibHbix MeTOflOB pemeHna [1-5, 10, 11, 15, 
18, 19, 23]. OcHOBonojiaraiomHMH cpe^n hhx flBjiaiOTCfl pa6oTbi Jl. CFIoHTparHHa [1-2] h 
H.H.KpacoBCKoro [3-4]. 

B noc.nezi;HHe rojxbi cxajiH HHxeHCHBHO Hccjie^^oBaxbCJi ^^HcjDcjDepeni^HajibHbie nrpbi npn 
HajIHHHH HHTerpajIbHblX, paSHOTHIIHblX, ^BOHHbix(cMemaHHbix) H flp. orpaHHHeHHH Ha 
ynpaBjieHHfl nrpoKOB [9,12,14,16,18,20,22,29-33,36-40]. B paGoxax [12,14] Gbijin nonbiTKH 
nepenecTH, npefljioJKeHHbiii b [11] Mexofl pa3pemaioiii,Hx 4)yHKii,HH fljia flH4)4)epeHii,Hajib- 
Hbix Hrp HpecjieflOBaHHfl c reoMexpHHecKHMH orpanHHeHHSMH, na cjiynafi c HHTerpajib- 
HbiMH orpaHHHeHHHMH Ha ynpaB.neHHH nrpoKOB. 

HacTOHmaH paGoTa HocB3ni,aeTC5i k HccjieflOBaHHio aaflann npecjieflOBaHHa fljis jihhch- 
Hbix flH4)(J)epeHij,HajibHbix Hrp c HHTerpajibHbiMH orpanHHenHflMH. HpH stom mm HpH/j,ep- 
xcHBaeMca na MeTO^e paapemaiomHx 4)yHKii;HH[ll] h ocHOBbiBaeMCfl na 4)opMajiH3ai];HH , 
npe;];jio>KeHHOH Jl.C.rioHTparHHbiM b [1-2], a Tax ace HcnojibsyeM neKOTopbie H^en paGoT 
[9,16,19-22]. B pa6oTe npe;];.no>KeHa HHaa KOHCTpyKii;HH nocTpoeHHH paspeinaromefi cJjyHK- 
ii;hh, HeM b [12,14], o6ocHOBbiBaioiri,a5i npaBHjio napajiJiejibHoro c6jihjkchhh iipn npocTbix 
flBHaceHHflx H HHTerpajibHbix orpaHHHeHHax na ynpaBjiennfl nrpoKOB [36-40] . Pa6oTa co- 
CTOHT H3 nflTH nyHKTOB. B nepBOM nyHKTe npHBOflHTca nocTanoBKa saflanH npecjieflOBa- 
HHfl npH HHTerpajibHbix orpaHHHeHHflx na ynpaBjienHs iirpoKOB. Bo BTopoM, fljia stoh 
3a,j\&^n BBOj\wic?i H Hccjie;];yeTCH paspemaiomas (J)yHKii;HJi \{t. r, v, zq) h b TpeTbeM nyHKTe 
c HOMoiLi,bio 3TOH (j3yHKH,HH flOKasbiBaeTca TGopeMa o B03M0JKH0CTH 3aBepmeHH3 Hpecjie- 
flOBaHHfl. B H.4 npefljiaraeMbiii choco6 pemeHHsi aafla^H iipHMeHaeTCfl k KOHTpojibHOMy 
HpHMepy JI.C.noHTpjirHHa [1], [2]. HaKoneii,, b h.5 flOCTaTOHHO HOflpoSno HaynaeTCfl aa^a- 
na npecjieflOBaHHfl npH npocTOM flBHJKeHHH HrpoKOB fljia cjiynaa /-hohmkh. HpH stom fljia 
npecjie;];oBaTejiH npe;];jiaraeTca CTpaTerna, c noMon];bio KOTopoii c6jiHJKeHHa ocyni,ecTBji5i- 
eTca HaHjiyHniHM cnocoGoM. 

2. IIocTpoeHHe paBpemaiomefl 4)yHKii;HH 

riycT TT-oiiepaTop opToroHajibHOi^o iipoeKTupoBaHHH us i?" na iio/],iipocTpaHCTBO L. 
PaccMOTpHM jmHeiiHbie OTo6pa>KeHHH ne"^^BR"^ — )■ L, ne^^CR^ L, Kor^a t > 0. 

npe/];nojio^eHne 1. HycTb cyni,ecTByeT nenpepbiBHaa neocoSaa MaTpHii,a F(-) : R'^ — > 
R^, 5iBji5iioni,a5iC5i pemeHHeM MaTpHHHoro ypaBHeHHJi 
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r^e X- HCKOMOfl MaTpHi];a. 

C nOMOmbK) MaTpHII,I>I F(-) nOCTpOHM 4)yHKi];Hio(cM.[15]) 

t 

X'it)^ ^ sup J \F{t-T)uj{T)\^dT, 

f \uj{T)\PdT<l 


r^e uj{-)— npoHSBOJibHaa 4)yHKii;H3 h3 npocTpancTBa Lp[0, oo) c yKaaaHHbiM orpaHHHeHH- 
eM. C noMOiii,i.io 4)yHKii;HH x^(i) onpeflejiHM BejiHHHHy 

sup x^it). 

0<t<oo 

OHHBHflHO, HTO u'^ > 0. 

IIpejjnojioxeHHe 2. HycTb BbinojiHeno HepaBencTBO ff > (t^u^. 

EcjiH BbiiiojiHeHO iipefliiojiojKeHHe 2, to OHeBH^HO, hto v He MOJKeT paBHSTca +00. 

BBeflCM MHoro3HaHHoe oTo6pa>KeHHe BH^a 

U{t, r, V, A) = {\F{t - r)v\P + X5)^7re^^-^^^BS - ne^^-^^^Cv, (5) 

rfle 0<r<t, v E = ff — a^u^, A > 0, S— map pa/],Hyca e/],HHHi],t>i h c ii,eHTpoM b 
Hyjie npocTpancTBa R^. 

JleMMa 1. BKjiiOHeHHe e U(t,r,v, X) BbinojiHaeTCfl npn Bcex t,r,v, A, Kor^a < r < 
t, V e n \ > 0. 

JJ^OKasaTejibCTBO. PaccMOTpHM MHorosHaHHOC OToSpajKeHHe (5) iipa A = 0. Tor^a 
HMeeM U{t, r, v, 0) = \F{t - r)w|7re(*-^)^£5 - iie^^-^'^'^Cv, r^e < r < t, v e R^ . B cHJiy 
npeflnojioJKeHHfl 1 nojiynaeM 

ne^'-^^^Cv = 7re(*-")^5F(i - t)v. 

OTCIOfla HaXOflHM, HTO 

U{t, T, V, 0) = \F{t - T)v\7re^'-^^'^BS - T^e^'-^^^ BF{t - t)v = 



\F{t - r)^;|7re(*-)^S (s - , ecjiH F{t - t)v ^ 0, 

{0}, ecjiH F{t - t)v = 0. 

H3 Toro, HTo F(t — t)v e R^ h ^ bh^ho, hto e U{t,r,v,Q) npn Bcex 

< r < t H G i?*^. 

Hexpy^Ho iipoBepHTb, hto iipn 5 > MHorosHaHHoe oTo6pa>KeHHe (5) HBjiaeTca mo- 
HOTOHHO BoapacTaiomHM no BKjiKDHeHHK) HO napaMeTpy A > 0, T.e. hs Ai > A2 cjie^yeT 
BKjiioHeHHe U {t, T, V, A2) C U {t, T, V, Ai). CjieflOBaTejiBHO, e C/(t, r, v,Qi) <Z U {t, r, v, A) 
fljifl Bcex A>0, 0<T<tJiv&R'^. JleMMa flOKaaana. 
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JleMMa 2. EcjiH ne^'^zo ^ M^, r^e zq e R^, to 4)yHKi];Hfl 

X{t, T, V, zo) := max {A > : A(M^ - Tre^^-^^^^o) n U{t, r, A) 7^ 0} (6) 

aBjiHCTCH nojiyHenpepbiBHOH CBepxy no nepeMennbiM r m v, rj^e Q<T<tvLV^R^. 

JXoKa3aTejibCTBO. YcTaHOEHM cymecTBOBaHHe 4)yHKii,HH (6). JXn^ SToro MHorosnaHHbie 
OTo6paaceHH3 K{X) := \{M^ - ire'^Zo), U{X) := U{t, r, v, A) h Q(A) := K{X) n U{X) 6y- 

flCM paCCMaTpHBaTb B aaBHCHMOCTH TOJIBKO OT nepeMeHHOH A, 4)HKCIipyfl npOH3BOJII>HI>IM 

o6pa30M ocTajiBHbie nepeivieHHbie. HoKajKeM, hto o6jiacTb onpeflejiennfl MHoroanaHHoro 
OToGpajKeHHH (5(A), T.e. domQ — {A : Q{X) ^ 0} (cm. [8]), aBjiaeTCfl nenycTbiM KOMnaxT- 

HblM MHOJKeCTBOM. 

ripejKfle iioKaaceM orpaHHieHHocTb domQ. J\jis. 3Toro npeflnojioacHM npoxHBHoe, T.e. 
cymecTByeT Taxoe nocjieflOBaTejibHOCTb A„ e domQ, hto npn n — > 00 nojiynaeivi A„ — > 
+00. B CHjiy TeopeMbi I.I paSoTbi [8] nojiynaeivi, hto Q{\) 7^ Tor^a h TajibKO Tor^a, 
Kor^a BbinojiHfleTCfl nepaBencTBO 

mm{Wu(x0) + W^x(A)(-^)) > 0, 
|V|=i 

rfle ijj & L. CjieflOBaTejiBHo, hs cbohctb onopHbix 4)yHKn;HH ([24]) h h3 KOHKpeTHoro BH^a 
MHorosHaHHBix OToGpasceHHH K{X) H [/ (A) HMeeM 

(|F(t - r)t;r + XS)-p W^^ct-r^ABsW {ne^'-^^^Cv,^^) + XW_^,.A,^+M^{-ij) > (7) 

fljia Bcex ijj, = 1. CorjiacHo npeflbiflymeft jieMMbi 

e (|F(i - t)v\p + XS)^ne^'~^^^BS - ne^'-^^^Cv. 

OTciofla nojiynaeM, hto 

{\F{t - r)v\^ + X5)'rW,,,.-r,Aj,sW - (7re(*--)^C^;, V') > 

npH Bcex ip, \tp\ = 1. IIosTOMy ecjin W_^gtA^^_^_]^i{—ip) > 0, to HepaBencTBo (7) Bbinoji- 
HaeTCfl fljia Bcex A > 0. OcTaeTca paccMOTpeTb cjiynaii, Kor^a W^^et^zo+M^i—i^) < 0. H3 
Toro, HTO ttc^^Zq ^ H M^-BbinyKjioe aaMKHyToe MHOJKecTBO, nojiynaeivi, hto MHoace- 

CTBO 

r = : 1^1 = 1, W^_,,*A,„+Mi(-^) < 0} 

HBJIHCTCH HeiiyCTbIM MHOJKeCTBOM. OhCBH^HO, HTO CymeCTByCT TaKOe IIST IipH KOTOpOM 

HepaBencTBO (7) HanHHaa c HeKOToporo A > ne BbinojinaeTCH, hto h iipoTHBopeHHTb 
npeflnojioaceHHK). CjieflOBaTejitHO, MHOJKecTBO domQ orpaHnneHHoe. 

Tenepb ocTaeTcs noxaaaTb saMKHyTOCTb domQ. IlocKOJibKy MHoro3HaHHbie OToSpa- 
aceHHa U{X) H K{X) fljia Bcex A > KOMnaKTHosHannbi h nenpepbiBKbi, to hx onop- 
Hbie 4)yHKLi;HH Wu{x){'ip) h Wk{\){—iP) Tax yKe 6jpyT nenpepbiBHbiMH ^jia Bcex A > h 
e r (cm. [24]). Torfla Hexpy^HO iipoBcpHTb, hto h (J)yHKii,H3 {}{X) := mm\^\=i[Wu(^x){ip) + 
WK{x){—'ip)] aBjiflCTCfl HeiipepbiBHOH no A, A > 0. OTCiOfla h cjie^ycT saMKnyTOCTb 
domQ — {X : 'j?(A) > 0}, hto saBepmaeT flOKaaaTCJibCTBO KOMnaKTHOCTH nocjie^Hero. 
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EcjiH domQ- KOMnaKTHoe MHOJKecTBO H3 npoMeacyTKa [0, oo), to cymecTsyeT ero nan- 
6ojibmHH sjieMCHT, KOToporo H npHMSM 3a 4)yHKii;Hio X{t,r,v, zq). HoKajKeM nojiynenpe- 
pbiBHOCTb CBepxy 3TOH (jDyHKi^HH HO nepeMeHHMM T m V, Tjxe < T <t, V E R''. 

HsBecTHo TaKOH (J)aKT (cm. [11]), HTo ecjiH HCKOTopaa 4)yHKii,Ha g{x,y) nenpepbiBHa 
Ha npoHSBefleHHH KOMnaKTOB X, Y, r^e sflecB X, y-noflMHoacecTBa neKOTopBix KOHen- 
HOMepHbix eBKjiHflOBbix HpocTpaHCTB, TO MHorosHaHHoe OToSpaaceHHe 

N{x) = {yeY:g{x,y)>Q}, 

KOTopoe HenycTO fljia Bcex x & X, flBjiaeTCfl nojiyHenpepbiBHbiM CBepxy na X. 
CjieflOBaTejiBHO h3 HenpeptiBHOCTH 4)yHKii,HH 

T9(X,t,r,v,zo) = mill [Wu(t,T,v,\){ij) + Wx(M^-^e*^^o)(-'^)] > 
\ip\=i 

no nepeMeHHbiM X, r n v, r^e A>0,0<T<t, v & Rf', nojiynaeivi, hto MHoroanaHHoe 
OToSpaaceHHe 

Q{t, T, V, Zo) — domQ — {X : 'd{X, t, r, v, zq) > 0} 

6yjieT nojiyHenpept.iBHt.iM CBepxy no nepeMenntiM r n OTOojia n ns Toro, hto Q(t, r, v, Zq){(1 
[0, oo))-KOMiiaKTH03HaHHoe OToSpajKenne, jierKO iiojiyHHTb, hto ii 4)yHKU,HH A(t, r, v, Zq) = 
ma.xQ{t, T, V, Zq) HBjiJieTca nojiynenpepbiBHbiM CBepxy no r a v, r/],e 0<T<tiivE R^. 
JleMMa flOKaaana. 

Onpefl^ejienme 2. HycTb BbinojiHeHbi npeflnojioJKeHHa 1-2 n -ne^^ZQ ^ M^. Tor^a b nrpe 
(l)-(3) pa3peiuawui,eu ^yHKV,ueu naaoBeM 4)yHKn;Hio BH^a (6). 

3. TeopeMa o bosmoxchocth saBepmeHHH npecjie^oBaHHa 

C noMon];bio pa3pemaion];eH 4)yHKn,HH X{t,T,v, Zq) bboahtca 4)yHKn,Hfl 

t 

A{t,zo):—l— inf X(t,r,v(r), Zo)dT 

J\viT)\PdT<ap{ 



06o3HaHHM Hepes T = T{zo) nepBbin nojioJKHxejibnbin Kopenb ypabnenna A{t, Zq) = 0, 
ecjiH TaKoro ne cym,ecTByeT to nojiaraeM T{zo) = +oo. 

UpeflnojiOiKeHHe 3. IlycTb fljia no3Hn,HH zq G i?" cyni,ecTByeT KoneHnbiii momcht Bpe- 
Menn r = T(^o)- 

Teopeua . Ecjin Bbinojinenbi npe^^nojioacenna: 1-2 n 3 , to ns no3Hii;HH Zq G i?" b nrpe 
(l)-(3) B03M0JKH0 saBepmenne npecjieflOBanna 3a BpeM3 T = T{zq). 

/J^OKasHTejibCTBo. HycTb ^jih ncKOToporo nojio^Kenna zq G i?" Bbinojinenbi npe^nojio- 
jKeHHfl 1-2 H 3. PaccMOTpHM 4)yHKn;Hio 

t 

A{t, Zq, v{-)) := 1 - y" A(r, T, v{t), Zo)dT, 
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r^e V — i'(-)-npoH3BOJii>Hoe ynpaBjieHne y6eraioiii,ero, fljia KOToporo BbinojiHaeTca orpa- 
HHHeHHe (3). OneEHflHO, ^to A{0, zo,v{-)) = 1, h A(t, z^,v{-)) HBjiaeTCJi paBHOMepno 
HenpepbiBHOH, mohotohho HeBospacTaromefi 4)yHKii;HeH no t, < t < T. OxKyfla b CHjiy 
npefliiojio>KeHH3 3 cjieflyex cymecTBOBaHHe TaKoro MOMenxa t*, hto t* <T h 

A{t*,zo,v{-))^0. 

ripH 3T0M A{t, Zo, v{-)) > fljifl Bcex t, Korfla <t < t*. 
Tenept paccMOTpHM MHoroanaHHoe OToSpaacenHe BH^a 

M\t,v) = {m^ e : X(T,r,v, Zo)(m'^ - ne^^Zo) G 

e {\F{t - t)v\p + A(T, T, V, zo)S)he'^^-^^^BS - ne'^^-^^^Cv}. 

Hs Toro, HTO 4)yHKii;HH A(T, r, v. Zq) nanynenpepbiBHa CBepxy no nepeMennbiM r n f cjie- 
^yex, nxo n MHorosnannbie OTo5pa>KeHHH \{T,r,v, Zq){M^ — '7ie'^^)zQ n {\F{t — t)v\^ + 

A(T, r, ;2o)^)^7'"e*-"^~^'*'^-B>S' — 7re*^"^~'^)"^Cw Gy^yx nojiynenpepbiBHtiMH CBepxy no r n f . To- 
r^a B CHjiy jieMMa 1.7.5 paSoxbi [25] nojiynaeM, hxo MHoro3HaHHoe oxoGpaaceHHe M^(r, v) 
flBjiaexcfl H3MepHMbi. CjieflOBaxejiBHO, cyn],ecxByex oflHOSHaHHafl nsMepHMaa no Bopejiio 
BexBb m^{T,v) e M^{t,v) (jieMMa 1.7.7. [25]). OneBH^no, hto ccjih (]3yHKn;Hfl v — v{t) 
HBjiJiexcji cyMMHpyeMOH na oxpesxe [0,T], xo n 4)ynKu;HH m^(r, ?;(r)) HEjiaexcH cyMMH- 
pyeMOH na [0,T]. B xo^e nrpbi npe^immeM npecjieflOBaxejiio cxponxb cBoii ynpaBjienne 
u — u{t), < t <T, cjieflyion];HM oGpasoM: 

-flo xex nop noKa A{t, Zq, v{-)) > ynpaBjienne u — u{t) naxo^nxca ns ypaBnennn 

Tre^T--)^Bu{T) - Tre^^-^^^Cvir) = X{T,t,v, Zo){m\T,v{T)) - Tre^'^Zo), 

\u{r)\ = {\F{T - t)v{t)\p + X{T, r, v{t), zo)5)'^; (8) 

-Hannnaa c MOMenxa t* flo T{zo) ynpaBjienne u — u{t), t* < t < T, naxoflnxca h3 
ypaBnennn 

7reM^Si^(T) = Tre^''-^^^Cv{T), \u{t)\ = {\F{T - t)v{t)\. (9) 

HocKOJiBKy (J)yHKij,HH X{T,t,v{t), Zq) n m^(T, v(t)) anjiflioxcfl nsMepnivibiMn no r, xo no 
jieMMe OnjinnnoBa A.O. [26] ypaBnenna (8) n (9) paapemnMbi b Kjiacce nsMeprnvibix 
4)ynKn;nH. Ecjin 3xo pemenne flBjiaexcfl neeflnncxBennbiM, xo BbiSnpaeM ero nanMenbmnM 
B jieKcnKorpa(|)HHecKOM CMbicjie. 

HoKaaceM, hxo npefljioacennbin cnocoG ynpaBjienna u{t,v{t)), < r < T, nosBOJiaex 
saBepmnxb npecjieflOBanna npn nponsBOJibnoM ^onycxnMOM ynpaBjiennn v = v{r), < 
T < T, 3a BpeMfl T — T{zo). fl^jis sxoro paccMaxpnBaexca cjieflyioni,afl aa^ana Komn 

z = Az + Bu{t,v{t)) - Cv{t), z{Q) = Zq. 

Tor^a nMeeM 

T 

z{T) = e^'^zo + j e^'^-^^^[Bu{T,v{T)) - Cv{T)\dT. 
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Ha (8) H (9) HaxoflHM 

T 

Tiz{T) = Tie^^zo + J 7re(^-")^[5M(r,v(r)) - Cv(r)]rfr = 



t* 

^ne^^zo + J X{T,t,v{t), zo){m^{T,v{T)) - Tie^^zo)dT ^ 



t* t* 
^7re^^zo{l- J A(T, t,v{t), zo)dT) + J A(T, r, f (r), 2;o)m^(r, w(r))(ir. 



riocKOJibKy, B MOMBHT t* BbinojiHfleTca paBeHCTBO A{t* , Zq,v{-)) = 0, a TaK ace b cnjiy 

JieMMbI H3 [17] HaXOflHM, HTO 

t* t* 
7rz{T)= J X{T,T,v{T),zo)m\T,v{T))dT e J X{T,t,v{t), zo)M^dT ^ 



J A(T, T,v{T),zo)dT^ M\ 



HjiH z{T) e M. TaKHM o6pa30M, nrpa (1) h3 HanajiBHoro nojioaceHHsi zq 3aBepmaeTca 3a 
BpeMa T — T{zo). 

OcTajiocb noKa3aTi> flonycTHMOcxb ynpaBjiennfl u — u{r,v{r)), < r < T. Tax xax, 
no nocTpoeHHK) BbinojinaeTca cooTHomeHne 

T T t* 

J \u{r,v{T))\PdT^ J \F{T-r)v{r)\PdT + S J X{T,r,v{r), zo)dT, 



T 

TO H3 JierKO npoBepaeMoro nepaBencTBa J \F[T — r)v{r)\^dT < h h3 Toro, hto 



t* T 

J X{T,t,v{t), ZQ)dT = 1, nojiynaeM J \u{T,v{T))\''dT < a^v^ + 5 = ff , Tax KaK 5 = 



ff — a^u^. TeopeMa ^^OKasana nojiHOCTbio. 

SaMenaHHe. Ecjih fljia neKOTopbix zq cymecTByeT TaKofl momcht T = T{zo), hto 
ire^^zo e , to yiipaBjienne u — u{t,v{t)), <t <T naxoflHTCfl tojibko hs ypaBHenHii 
(9). HeTpyflHO noKa3aTi>, hto b TaxoM cjiynae nrpa (1) h3 tohkh zq, Tax ace 3aBepmaeTCfl 
3a BpeMfl T — T(zo). 
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4. KoHTpojibHbifl npHMep JI.C.IIoHTparHHa 



A. HycTb flBHJKeHHe npecjieflOBaTejia h y6eraioiri,ero saflaeTca ypaBHeHHSMH 

X -\- ax — bu, x{0) — xo, x{0) — xq, 

y + l3y = cv, y{0) = yo, y(0) = i/o, 

rfle x,y,v,u G i?",n > 1, a > 0, /3 > 0, 6 > 0, c > 0; ynpaBjieHHH u = u{-) 
H V — v{-)- yflOBjieTBopfliOT orpaHHHeHHflM BHfla (2)- (3) iipn p — 2. ripecjieflOBaHHfl 
CHHTaeTCfl aaBepmeHHbiM, ecjin b KOHenHbiH MOMeHT BpeivieHH x — y. 

riepeiifleM k cooTBeTCTByioiii,eH flH4)4)epeHii,Hajii>HOH nrpe BH^a (1). SToro nojio- 

{x - y, X, y) = (zi, Z2, z^) = z, {xq - yo, xq, yo) = (^oi, ^02, ^03) = zq, 
H nojiynaeM sKBHBajieHTHyio cHCTCMy ypaBHeHHH 

ii = 2:2 - Z3, Z2 = -az2 + bu, is = -/Sz^ + cv, (10) 

^i(O) = 2:01, 2:2(0) = Z02, 2:3(0) = 2:03, 

r^e (2:1, 2:2, 2:3) e R^"^ H (;2oi) ^02, ^03) - HanajibHoe cocTOHHHe nrpbi (10)(cm.[2]). Tor^a 
TepMHHajiBHoe MHoacecTBO M — {(2:1, 2:2, 2:3) e i?^" : 2:1 = 0}. OTCiofla L — {(2:1, 2:2, 2:3) G 
R^"' : 2:2 = 2:3 = 0}. MaTpHi];bi A, B n C npeflCTaBHMti b bh^c 



V 



E E \ 



aE 



( 



B 



/3eJ 



\ 



bE 



( 



\ o J 



\ 



\ -cE, J 



Tflfi E H 0-c/i;HHHHHaH H iiyneBaH MaxpHi^bi iiopHflKa n x n cooTBeTCTBeHHO. Tax KaK 
4)yHflaMeHTajibHaa MaTpHii;a cHCTeMbi HMeeT bh^ 



( E 



v 



1-e- 



-E 



E \ 



-at 



E 



TO MaxpHHHaa 4)yHKii,HH F{t\ t > 0, yflOBjieTBopaioiri,ee cooTHomeHHio 
HMeeT BHfl F(t) = ^^|]^~g-!tj lE, t > 0. OxKyfla naxoflHM, hto 



X'(i)=^ sup J f{t-T)\uj{T)\'dT, t>0, 



f \0j{T)\PdT<l 
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rfle f{t - r) = , < t < t. B CHjiy nenpepMBHOCTH 4)yHK^HH /(i - r) no 

< r < HeTpyflHO nojiyHHTb, hto [15] 



c2a2(i_e-/5(*-)) 



.a 



2 



i^^ = sup sup -tttt; — tt = ^maxj — , 1|. 

4.1. Paspemaiomaa tJ)yHKLi,H5i b Kohtpojibhom npHMepe JI.C.IIoHTparHHa. 

HojiaraeM, hto BbiiiojmeHO iipe^iiojiojKeHHe 2, T.e. HepaseHCTBO p > amax{^, 1}. C yne- 

TOM o6o3HaieHHH ^(t, Zq) := 7re^*2;o = Zqi + a{t)zQ2 — /3(t)-2o3) a{t) = -^"^ °* , = 
, ^ > 0, BbiHHCJiHM pa3pemaioiu;Hio 4)yHKn,Hio A = A(t,r, v,2;o) flJia paccMaxpHBae- 
Moro npHMepa. /^Jia SToro npeflnojioJKHM, hto Zq ^ 0, b npoTHBHO cjiynae nrpbi sasep- 
niHjiacb 6m npn t — 0. Tor^a h3 BH^a (5) naxoflHM 

U{t,r,v,X) = [c^ /3\t - r)\v\^ + X a\t - r)S]^S - c/3{t - r)v, 

TAeO <r <t, 5 ^ -a^ max{g|^, 1}, v e R"" n S ^ {u e R"" : \u\ < 1}. HeTpy^HO 
noKaaaTb, hto SHaHenHfl A, fljia KOTpopMx 

-Ae(t, ;2o) + c - t)v e [c^ /^^(t - t)\v\^ + X a\t - t)S]^S, 

HaxoflflTca B npoMejKyTKe 

< A < — nr maxiO, 6 b^ a\t - t) + 2 c ^(t - r)(v,i(t, Zq))}. 

OTKy/],a HaxoflHM paspemawznuK) cf)yHKV,UK) Oa^ KoHmpoAhHoao npuMepa JI. CUoHmpHdUHa 

X{t, T, V, zo) = J^^f^ "^^{0' ^ «'(^ -T) + 2cP{t- t){v, at, zo))}. (11) 

Ha SToii 4)opMyjibi bh^ho, hto 4)yHKii,HH X(t,T,v, zq) flBjiaeTca HenpeptiBHofi no nepe- 

MeHHbiM r H f , rjie < t < t, v E i?". Tax Kax no npe^^nojioxcennio 2:01 7^ 0, to ns 
KOHKpeTHoro BH/],a ^tjZo) BbiTCKaeT cymecTBOBanne xaKoro iipoMexcyTKa <t <t, hto 
i{t,Zo) 7^ na [0,t]. CjieflOBaTejibno, (J)yHKu,H3 X{t,T,v, Zq) aBjiaeTCH nenpepbiBnon n no 
nepeMennoH t, Kor^a <t <t. 

JleuMa 4. EcjiH 4)yHKn;Hfl X{t.T, v, zo) nenpeptiBna no coBOKynnocTH nepeivienHbix 
t, T, V, r^e <t <t, 0<T<tiiv & i?", to h 4)ynKn;Hfl 



A{t) := ^ inf J X{t,T,v{T), zo)di 



J \v{r)\^dr<a^ "q 


na npoMeJKyTKe <t <t SBjiaeTca nenpepBiBHon. 
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flpKaaaTejihCTBO. rioKaaceM HenpepMBHOCTb HCCJieflyeMoii 4)yHKii,HH b tohkb — 0. 
^jifl SToro saflaflHM npoH3BOJii>Hoe hhcjio £ > 0. Tor^a b CHjiy nepaBencTBa 



t t 

inf j X{t,T,v{T),ZQ)dT\ < sup | J X{t,T,v{T), Zo)d7 



J\v{T)\^dT<a^''o 





/|?;(T)|2dT<(T2 



H HeiipcpbiBHOCTH (|)yHKii;HH J X(t, r, v{t), zo)dr no t, MoacHO yKaaaxB xaKoe 5 — S{e) > 0, 



HTo H3 < t < 5 6yfleT cjic/j,OBaTt> nepaBeHCTBO |A(t)| < e. 

Tenept noKaxceivr Heiipept>iBHOCTb 4)yHKii,HH A{t) b npoHSBOJiBHoii tohkb to, Kor^a < 
^0 < t- AJia SToro naflo noKaaaTb, hto fljia jiioSoro £ > cyiij,ecTByeT TaKoii 5 > 0, hto 
H3 |t — to| < <^ cjieflyeT HepaBencTBO |A(i) — A(io)| < e. 

HeTpyflHO y6eflHTCfl, hto 



to 

A(to) = inf X(to,r,v(T),Zo)d 



to 



/ |i;(r)|2dT<(T2 



T = inf 

/|^;(r)|2dr<(T2 ^ 





t 



B cHjiy 3Toro nojiynaeM cjieflyioni,yio nocjieflOBaTejiBHocTb cooTHomenHH 



|A(i)-A(to) 



/|^(r)pdT<(T2;5 





inf X{t,T,v{T), zo)dT— inf 



to 



/ \v{T)\^dT<a^ 





I V to 



< sup 



/|t){T)|2dT<C72 




t t 

J X{t,T,v{T),Zo)dT - J J X{to,jT, ^J^v{T),Zo)dT 



< 



< 



t 

sup j \X{t,T,v{T),ZQ)dT -jX{to,jT, y^v(T),^o)MT < 



J \viT)\^dT<a2 





/t rr 
[\X{t, T, v{t), Zo)-X{to, T, v{t), 2;o)| + |A(to, T, v{t), Zo)-X{to, -^T, J —v{t), Zo)\ + 
t V to 



/|t)(r)|2dr<(T2 





+ |A(to, jT, y^^W) - jKto, jr, y^v(r),^o)|]c?T. 
KoTjia \t — IqI < S, TO cymecTByeT TaKoe hhcjio 5 — 6{6) > 0, hto Ij-r — r\ < 5 



H 



^t; — t;| < (5. OTCio/],a, coiviacno nenpepbiBHocTH (|)yHKu,HH A(t, r, ^,2:0) b KajKflott 
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TOHKe {to,T,v), nojiynaeM, hto \X{t,T,v,zo) — X{tQ,T,v, zq)\ < £i, \X{tQ,T,v) 
\{to, f T, J^v)\ < £2, |A(io, yT, -y/f ^)l • < ^s- OTCiOfla HaxoflHM 



|A(i) - A{to)\ < t{ei + £2 + £3) < t{ei + £2 + £3) < e, 

HTO H TpeGoBajiocb flOKaaaTb. 

4.2. PemeHHe sa^a^H npecjie^oBaHHa. B flajibHeiimeM paccMaTpHsaeTCfl ypas- 
Henne 

t 

1-^ inf I X{t,r,v{T),zo)dr ^0. (12) 



yTBep>K^eHHe 1. Ecjm > a'^^max{^, 1}, to ^jih Ka>Kfloro Zq = (-201,-202,-203) ^ 

i?^" npH 2:01 7^ 0, cyiu,ecTByeT KoneHHoe pemeHHe t = T{zo) ypaBHeHHH (12). 

t t 
JlpKasaTejibCTBO. H3 OHesHflHoro HepaseHCTBa J max{0, (^(T)}(iT > max{0, J (^(r)(ir}, 


r^e </7(t)- npoHSBOJibHafl cyMMHpyeMaa 4)yHKn;Ha, nojiynaeM, hto 

t 

J{t, v{-), zo) = J max{0, 5 6^ Q;^(i - r) + 2c ^(i - t){v{t), ^{t, Zo))}dT > 





t 

>{0,Sb^ J a^{t-T)dT + 2 J c f3{t - t){v{t), ^{t,zo))}dT. 


C CHjiy HepaBBHCTBa KoniH-ByHaKOBCKoro h h3 onpeflejieHna 4)yHKii;HH x^(t) HMeeM 

1 1 
t \ 2 / t \ 2 

X I y a;'(i - r)dT |e(i, -2o)| < (1 «'(^ - T)dT |e(i,-2o)|. 
C jieflOBaTejiBHO , 

} ( } Y 

J{t,v{-),Zo) >max{0, S b'^ a'^{t - T)dT - 2aub \ / a^(t-r)dr |^(t,-2o)|}. 

H3 Toro, HTO 6 = — v^o^ > 0, 4)yHKii,Ha ^(t, ^0) npn a > h /3 > orpaHHieHHaa 

Ha < t < +00, H J a^{t — T)dT MOHOTOHHO B03pacTaK)ii],aH no t npH i > 0; nojiynaeivi 
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cymecTBOBaHHe TaKoro MOMenTa 6 — 9(zo) fljia KOToporo BtinojiHaeTCfl paBencTBO 



Sb^ J a^{e -T)dT -2avh I j a^{e-T)dT^ \ = \^{e,zo) 

Ha 3Toro paBencTBa nojiyiaeM, hto 



\C{e,zo)\^{p-au)b(ja\e-T)dT 



Cjie;];oBaTejibHO, p^jis npoHSBOJiBHoro flonycTHMoro ynpaBjiennfl v — v{r) npn < t < 9 
BbinojiHaeTca cooTHomeHHe 

inf J(^(-),^, ^o)-|e(^,^o)r>0. 

vi-) 

OTKy^a HMeeM 

e 

A*{9):=1-A{9) = 1- ^ inf f X{9,t,v{t), Zo)dT < 0. 



Ha SToro h b CHjiy jieMMbi 4 nojiynaeM, hto ypaBHenne (12) HMeeT fljia Bcex zq ^ M 
KOHeHHoe pemeHHe T{zo) < 9. YTBepac^^eHHe 1 ^^OKasano. 

YTBepx/jeHHe 2. Ecjih > a'^j^max{^, 1}, to b nrpc (10) ^jih KajK^oro Zq = 
{zoi, Zq2, Zqs) G i?"'", Korfla 2:01 7^ 0, npn noMomH paspcmaiomeii 4>yHKii,HH (11) bosmojkho 
saBepmeHHe npccjic/j,oBaHHfl 3a BpeMfl T[zo), r^e T(2;o)-iiepBbiii nojioacHTejitHbiii Kopenb 
ypaBHenna (12). 

/J^OKasaxejibCTBo. HycTb ySeraiomHii BBiSnpaeT nponsBOJiBHoe flonycTHMoe ynpaBjie- 
HHe V = v{t), < T < T{zq), a npecjie^OBaTejifl c ctpohtb CBoe ynpaBjienne cjieflyioii],HM 
o6pa30M: 

f R^TTy^M - X\T,T,v{T),ZonT,Zo), Kow < r < r 

I 6a(T-r) ^(^)' ^Orfla t* < T < T, 

rfle 

1 cB(T - t) 

X*{T,T,v{r),zo) = ^^^r^max{0, S b a{T - r) + 2-^^^^^^{v{t),C{T, zo))}, 

a i*-nepBi>iH nojioxcHTejitHbiii Kopenb ypaBHeHna 
t 

J max{0, Sb"" a\T-T) + 2c/3{T-T){v{T),C{T,zomdT=\i{T,zo)\\ (14) 
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CymecTBOBaHHe TaKoro Kopna cjie^yeT h3 yTBepacfleHHs 1. 

ripeac^e noKajKCM flonycTHMOCTb npefljioaceHHoro ynpaBjieHHfl (13). ^Jifl SToro h3 
BHfla 4)yHKi];HH (13) neTpyflHO bbihhcjihtij, hto 



|m(t,i;(t))P 



npH < r < t*, 
ggf^Kr)p, npnr <r<T, 



H npoHHTerpHpyeM ee b npoMeafyTxe ot flo T: 



T T 



■X 



y max{0, (5 6V(r-T) + 2c/3(r-T)(^;(T),C(r,zo))}fiT. 





t* 

X 


B CHjiy Toro, hto t*-pemeHHe ypaBHeHHS (14), h h3 onpeflejiennfl 4)yHKii,Hfl X^(i), < 
t < oo, a TaK jKe h3 HepaBencTBa x^(t) < i''^ HaxoflHM, hto 

T T 

J \u{r,v{r))fdr ^ J ^l^^\v{r)\'dr + 5 < a^t) + 5 < a'u' + 5. 



T 

Tax KaK 5 = ^ a^v^^ to BbinojiHeHo orpaHHHeHHe J |ti(r, t'(r))p(ir < p^, hto h Tpe6o- 



Bajiocb iiOKasaTb. 

Tenepb noKaaceM 3aBepmeHHe Hrpt>i b npoMe>KyTKe BpeMCHH [0,T(2;o)], npn npHMene- 
HHH CO CTopoHbi npecjieflOBaTejis ynpaBjienHio (13), a yGeraiomnii npoH3BOJii>Hoe flony- 
CTHMoe ynpaBjienne v — v{t\ < t < T. IloflCTaBHB sth ynpaBjiennfl b ypaBHenna (10) 
no 4)opMyjie Komn nojiynaeivi 

T 

7rz{T) = Tre^^^o + J 7re^^''-^\Bu{T,v{T)) - Cv{T))dT = 



T 

= e(T, zo) + [ {ha{T - r)M(r, v{t)) - c(3{T - T)v{T))dT = i{T, zo)- 
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t* \ 
\aT,Zo)\'- J maxO,SbW{T -r) +2c^{T -T){v{r),aT,Zo))dr \ =0 

3to osHanaeT, hto ttz{T) = zoi{T) G M hjih a;(T) = y{T). TaKHM o6pa30M saBepmaeTCfl 
H flOKaaaTejibCTBo yTBepjKfleHHH 2. 

5. IIpecjie^oBaHHe npn npocTOM ^BHxceHHH nrpoKOB. Cjiynaft Z-hohmkh 

B npeflbiflymeM naparpa(J)e Mt>i paccMoxpejiH npHMep, Koxopbiii hmcct ^ocTaxoHHo 
o6ii];hh xapaKTep. B HacTOflmeM nynKxe paccMaxpHBaeTca flH4)4)epeHii,Hajii>Haa nrpa npn 
npocTOM flBHaceHHH HrpoKOB fljia cjiynafl Z-hohmkh. HpefljiaraeTCfl pa3pemaioii],aa (J^yHK- 

ii;hh, npn noMomH KOTopofi c6jiH>KeHHe nrpoKOB npoHcxo^^HT HaHjiyniuHM o6pa30M. 3to 
Hipa cjiynaa reoMexpHHecKHx orpaHHHeHHH HccjieflOBanbi b paGoxax [7, 11,15,21,28] 

H B flp. 

riycTb B npocTpancTBe i?" TOHxa x co CKopocTbio u npecjieflyex TOHKy y, KOTopaa 
nepeMeiii,aeTCfl b npocTpancTBe co CKopocTbio v. Hx flBHJKeHHfl onHCBiBaiOTCfl ypaBHe- 

HHaMH 

x = u, x{Q) = xo, y = V, y{0) = yo, (15) 

Tj^e Xo,yo- HaHajiBHbie nojioacenHH tohck; CKopocxH u h ?; BbiGnpaioxcH b BH;];e nsMepn- 
Mbix 4)yHKLi,HH u{-) : [0, oo) ^ i?" H v{-) : [0, oo) K" h3 npocxpancxBa L2[0,oo) h 
yflOBjiexBopaiox orpaHHHeHHaM 

oo 

J \u{T)\'dT<p\ p>0, (16) 



J \v{T)\^dT <a^, a> 0. (17) 



B /j,ajitHeHmeM, xoHKy x naaoBeM iipecjie/j,OBaxejieM, a xoHxy y y6eraioiii,HM h npoi];ecc 
npecjieflOBaHHe CHHxaeM aaBepmenHbiM, ecjin b HeKOxoptiH KOHenHbiii MOMenx BpeivieHH 
BbinojiHeHO cooxHomeHHe |,x — y| < I, r^e Z > 0. B HaHajiBHbiH MOMenx BpeivieHH t — 
HOJiaraeM, hxo \xq — yol > I. 

P,Jis yfloGcxBa HccjieflOBaHHa BBOflHxca nepeMCHHoe z = x — y. Tor^a ypaBHCHHa (15) 

OXHOCHXejIbHO Z HpHHHMaeX BHfl 

z — u — V, z{0) = Zq, (18) 

r^e Zq — Xq — yo, \zo\ > I; xepMnnajibHoe MHOJKecxBO M npeflCxaBjiaexcfl b BH^e 
M = {z & : \z\ < 1} — IS, I > 0, 3fleci> 5'-map paflnyca eflHHHii,i>i c i];eHxpoM b nyjie 
npocxpancxBa K^. 

fl,jis KOHCxpyHpoBaHHe cxpaxexHH npecjieflOBaxejiio paapemaexca: Hcnojit>30Baxb b Kaac- 
flbiH MOMenx BpeMeHH xojibko xexymee SHaneHHe ynpaBjienna v{t) h nocxoaHHbie Zq, p, a 
H I. 
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5.1. PaspemaiomciH (})yHKu;HH b cjiynae Z-hohmkh. C noMombio Sojiee oSmero 
MBTOfla npefljioaceHHoro b n.2 nocxpoHM paspeniaiomyio 4)yHKii;Hio h sflect. HocKOJibKy 
fljifl Hrpbi (18) npeflnojioJKeHHe 2 npHHHMaeT bh^ p > ct, to h3 (6) HMeeM 4)yHKi];Hio 

A(v, zo) = max{A > : A(M - zq) n [/(A, v) 0}, 

rjie U{X,v) = {\v\'^ + XSy^'^S — V, 5 = — a^. HaftfleM Te A > 0, KOTopbie y^oBjieTBopaioT 

COOTHOmeHHIO 

X{lS-Zo)nU{X,v)y^$. 

3tO COOTHOmeHHe SKBHBajieHTHO HepaBCHCTBy 

XWis-,,i-i^) + Wuix,v)W >0, 
fljia Bcex ijj e i?", iipH lipl = 1. OTcro^a 

X{{^, zo) + im + {\v\' + X5y/'\^\ - ii;, v) > 0, 

HJIH 

XI + {\v\'^ + XSy/^ > (t/j^v-Xzo). 

OflHaKO max|^|=i('0, v — Xzq) = \v — Xzq]. Tor^a nojiynaeM XI + {\v\^ + XSy^"^ > — A^^o]. 
BbinojiHHB sjieMeHTapHbie BKjiaflKH, Haxo^HM, hto 

> X[X^h^ - 2X{h{6 + 2{v, Zo)) + 2f6) + {6 + 2{v, zo))^ - 4/>|=^], 

rfle h — \zo\^ — > 0. OTCiOfla nojiynaeM, hto < A < max{0, X*{v, zq)}), r^e 

A*(^;, ^o) = ^ih{S + 2{v, Zo)) + 2fS + \zoS + vh\2l). 

TaKHM o6pa30M, b stoh sa^ane paspemaioinyio cjayHKi^Hio A(f , 2:0) onpe^ejiaeM b BH/j,e 

X{v,zo) max{Q,X*{v,zo)}. (19) 

HeTpyflHo iipoBepHTb, hto 



A(v, ^0) 



> 0, ecjiH 5 + 2{v,zo) + 2l\v\> 

0, ecjiH 5 + 2{v,zo) +2l\v\<Q. 

5.2. IIocTpoeHHe CTpaTernn. HycTb b KajK^biii MOMeHT BpeivieHH i > npecjieflo- 
BaTejiK) HSBecTHa HHcJ^opMai^Hs TOJiBKO o TCKymHx SHaneHHsx ynpaBjieHHs v(t) h HanajiB- 
HL.IX sa.jx&mi'hYX. zq, p, ami. l^oTj\a, c noMombio paspemaiomeH 4)yHKii;HH A(t; , zq) nocxpoHM 
CTpaxerHK). SToro aHa/iorHHHo npefljioaceHHOMy b nyHKxe 3 ciioco6y pemeHHa aaflaiH 
npecjieflOBaHHfl paccMoxpHM MHoroanaHHoe oxoSpaaceHHe 

M{v, Zo) ^ {melS : X{v, zo){m - zo) G {\v\'^ + X{v, zo)5f/'^S - v}. 
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B CHjiy onpeflejieHHfl 4)yHKn;HH X(v, zq) jierKO 3aMeTHTi>, hto cymecTsyeT e^HHCTBeHHaa 
OflH03HaHHaa H3MepHMaa no Bopejiio bctbij m{v,zo) e M{v,zo). Ha BH^a M{v,Zo), hc- 
nojibsya CBoiiCTBa onopHbix 4)yHKii;HH, bbihhcjihm 4)yHKi];Hio 'm{v, zq) npn noMOiii,H paBen- 

CTBa 

mm[X{v,zo)Wis-zoW + Wqv\Hx{v,zo)S)^/''s-v{-'4')] = 0. 
OTKyfla nojiynaeM 

min[A(^;,;.o)(|^|/ - (^,;^o)) + I^KI^^l' + X{v,Zo)SY/' + {^l;,v)] = 0, 
|V|=i 

HJIH 

X{v,zo)l + (1^1^ + A(t',^o)5)^^^ + Tam{ilj,v - X{v,zo)zo) = 0. 

Ha aBHoro BH^a X{v, zq) neTpyflHO npoBepHTt, hto X{v, zo)l + + X{v, zo)Sy^'^ = \v — 
X{v,zo)zo\- CjieflOBaTejiBHO nojiynaeM cooTHomeHne 

mm{ip,v - X{v,Zo)zo) = -\v - X{v,Zo)zo\, 
|V>|=i 

KOTopoe BbinojiHseTca iipa tp* := —{v — X{v, zq)zq)/\v — X{v, zq)zq\. OTcio/],a h nojiynaeM 
flBHbiii BHfl 4)yHKii,HH: m{v,zo) — lip*. B CHjiy paBencTBa (8) onpeflejiHM CTpaTernio pjia 
npecjieflOBaTejia . 

Onpe^ejieHHe 3. HycTb p > cr.Torfla b nrpe (15)-(18) H;— CTpaTerneii npecjieflOBaTejia 
HaaoBeM (jDyHKii,Hio BH^a 

U{V, Zq) + X{V, Zo){m{v, Zq) - Zq), (20) 

rfle m{v,Zo) = - -^(^'^^o)- paspemaiomaa 4)yHK^H^I BH^a (19). 
H3 BHfla CTpaTerHH (20) jierKO bbthhcjihtb, hto 

\u{v,Zo)\'' = \v\^ + 6X{v,Zo). (21) 

5.2.0 B03M0XCH0CTH Z-noHMKH. ^ajiee, paccMaTpHBaeTCfl ypaBHenne 

t 

1- J X{v{T),zo)dT^O (22) 


06o3HaHHM Hepea T = T{zq, f (■)) iiepsbm nojio>KHTejit>Ht>iH Kopenb 3Toro ypaBHeHHH, r^e 
w(-)-iipoH3BOJibHoe flonycTHMoe yiipaBjieHne y6eraioiii,ero. CymecTBOBaHne h orpaHnneH- 
HOCTb TaKoro Kopna noKaabiBaeTca b cjieflyioiii,eM yTBepjKfleHHH. 

yTBep:aifleHHe 3. . B nrpe (15)-(18) h3 tohkh zq ^ IS npn noMomn H/— CTpaxernH (20) 
B03MoacHO 3aBepmeHHe npecjieflOBanHa 3a BpeMa T{z^ ,v{-)), yflOBjieTBopaiomee nepaBen- 

CTBy 
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npH Bcex flonycTHMbix ynpaBjieHHii v{-). 

^OKaaaxejibCTBo. B nanajie noKasceM orpaHHHeHHOCTb h cymecTBOBaHne Kopna T{zq, v{-)) 
ypaBHeHHH (21). /Jjih SToro yHHTbiBaa orpaHHHeHne na ynpaBjieHHH v — v{t), t > 0, b 
BHfle (17), H Hcnojibsya HepaBencTBo KomH-ByH3KOBCKoro, nojiynaeM 

t t 
1- J X{v{T),zo)dT^l- J ^meix{0,h{S + 2{v{T),zo))+ 



+2PS + 2l\zoS + v{T)h\}dT < 

t t 
<l--^max{0, tS{h + 2P) + 2h J {v{t), Zo)dT + 21 J \zoS + v{T)h\dT}) < 





t t 



<l-^max{0, t8{h^2f)-2h j |v(t)||^oMt + 2Z J {\zo\S - \v{T)\h)dT ^ 



1 - ^ max{0, tS{h + 21^ + 2l\zo\) - {2h\zo\ + 2lh) j \v{T)\dT} 





t 

< 





t 



< 1- ^m&x{0, t6{h + 21^ + 2l\zo\) -2h{\zo\ + l)Vt{J \v{T)\^dT)^ < 



< 1 - ^ max{0, tS{\zo\ + if - 2hVta{\zo\ + I)} = 

= 1 - ^msix{0,t{p^ -a^){\zo\+l)^ -2hVia{\zo\ + l)}. 

HeTpyflHO npoBepHTb, hto nocjieflHsifl nacTb b SToii i];enoHKe nepaBencTB oSpamaeTca b 
HyjiB B MOMeHT BpeMeHH t — 9, r^e 



e 



II 7\ 2 



p-a 

CjieflOBaxejiBHo, b cHjiy nenpepbiBHocTH no t,t >0 (J)yHKu,HH 

t 



A{t,v{-)) = 1- J X{v{T),Zo)dr, 



HMeeM A(^, v{-)) < 0. OTCio/],a h hs Toro hto A(0, v{-)) — 1 HaxoflHM cymecxBOBaHHe xaKO- 
ro MOMCHTa T = T{z^\ v{-)), hto A{T,v{-)) — 0. Hpn stom OHeBH^HO, hto T{z^,v{-)) < 9, 
HTo H Tpe6oBajioc£> iioKasaxb. 
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Tenepb noKajKeM, hto h3 nponsBOJibHoii tohkh zq ^ IS npecjieflOsaHHe saBepinaeTCfl 

HMeHHO B 3T0T MOMCHT BpeMCHH T(z'', (■) ) . /JjIS STOrO npH npOHSBOJIBHOM flOnyCTHMOM 

ynpaBjieHHH y6eraioiri;ero v = v(t), < t < T, npecjieflOBaxejiio npe^^nnmeM peajiH3an;Hio 
CTpaxerHH (20) x.e. ynpaBjieHHH u = u{v{t),ZQ), < t < T. Tor^a ypaBHCHHe (18) 

npHBOflHTCa K BHfly 

z = X{v{t), Zo){m{v{t), zo) - zo), 
z{0) = zo, 0<t<T. 
Oxciofla no (J)opMyjie Komn nojiyiaeM 

t 

z{t) = ^0 + J Hv{t), zo){m{v{T),zo) - zo)dT, 



T 

Tfl<e < t < T. YHHTbiBaa cooTHomeHHe 1 — / X{v{t), Zo)dT = h bh^ 4)yHKii,HH 



m(t'(r), zq) HMeeM 

T T 

|2;(r)| - / = - ^0 j X{v{T),Zo)dT + J X{v{T),Zo)m{v{T),Zo)dT\ - I < 


T T 



< kol(i 



- j X{v{t), zo)dr) -K^- j A(^;(t), z)dT) = 0, 





HjiH |2;(T)| < Z, HTO H xpeSoBajiocB noKaaaTb. 

/lonycTHMocTb pea,nH3aii;HH 11;— CTpaxerHH (20) cjie^yeT h3 (21) h (17), h h3 Toro,HTO 
T-ecTb pemeHHe ypaBHCHHa (22): 

T T T T 

j \u{v{T),ZQ)\^dT^ j \v{T)\^dT+5 j X{v{T),ZQ)dT<a^+5 j X{v{T),zo)dT^a^+S^ p^, 


HTO 3aBepmaeT flOKa3aTejibCTBo yTBepac^eHHe 3. 

TIpHMeHaHHe 1. B nrpe (15)- (17), ecjiH p > o" h / = 0, to pa3pemaioiri;aji 4)yHKi];HH 
iipHHHMaeT npocTofi bh/j, X{zo,6,v) := j^max{0,6 + 2{v,Zq)}. B pa5oTe [38] CTpaTeraa 
napajiJiejiBHoro cGjiHJKenHH: u{v,6,Zo) = v — X{v,Zo)zo anajiorHHHo k paGoxe [15], onpe- 
flejiaeTca xax H/— cTpaTerns ( /- 03HaHaeT , hto orpanHHeHna na ynpaBjienna nrpoKOB 
HHTerpajiBHbie) . HoKaaaHO, hto npn peajiH3ai];HH Hi— CTpaTernn, npecjieflOBaTejib ne bbi- 
nycKaex y6eraioiri,ero h3 3aMKHyToro mapa S{xq, yo, p, a) := {w e i?"' : \w—yo+a'^zo/S\ < 
\zq\p(t/S}, T.e. B CHjiy yxBepjK^^eHHa 3, ecjiH b HeKOTopbifl momcht BpeMenn T ocymecTBjia- 
excH paBCHCTBo x{T) = y{T), to y{T) e S{xo,yo, p,a), upu upoH3BOJibHOM flonycTHMOM 
ynpaBjieHHH y6eraioni,ero. B cjiynae nepeceHennn SToro mapa c HeKOTopbiM 3apaHee 3a- 

flaHHblM MHOJKeCTBOM ( C "jIHHHeH JKH3Hh"[5]), MOJKHO nOKa3aTb B03M02<;H0CTb HOnaflaHHH 
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y6eraioii],ero b neKOTopyio TOHKy h3 SToro nepeceneHnfl h flo MOMeHTa nonaflannfl ocTa- 
BaTbca HenoHMaHHMM. 

Hojibsyacb cjiynaeM, aBTop npHHocHx HCKpeHHioio 6jiaro^apHocTb cBoeMy nayHHOMy 
pyKOBOflHTejiK) A6flyjijia AaaMOBHHy AaaMOBy sa nocTanoBKy sa^aHH, nocTOSHHoe bhh- 
Manne k paSoxe h i];eHHi>ie coBeTbi. 
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